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For a cantilever beam with an embedded sharp crack and subjected to an end transverse
force, the J-integral approach was employed in developing analytical estimates of the
energy release rate made available to the left and right crack tip. Finite element studies also
revealed that mode II conditions dominate the tip regions of such a crack (Fang and
Charalambides, 2015). Thus, analytical estimates of the mode II stress intensity factor dom-
inating each of the crack tip regions are also obtained. The analytical energy release rate
predictions are compared to 2-D finite elements for a broad range of crack depths and crack
center location along the beam axis. Using energy considerations, rotary spring stiffness
estimates employed in Charalambides and Fang (2016a,b) in the development of a four-
beam model obtained. The outcomes of the methodology used in this work provide strong
encouragement in extending the method to heterogeneous composite laminates contain-
ing delamination cracks and subjected to a combination of applied loadings. Given the pre-
dominately mode II nature of the crack considered, the solutions developed herein may be
used in characterizing mode II interface fracture for bonded homogeneous layered beams.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

A crack embedded in an elastic, homogeneous and isotropic system is known to propagate in a direction of maximum
energy release rate experienced by incipient kink cracks (i.e., cracks of ‘‘zero length” compared to the cracked length) at
the crack tip [4–7]. For example, under mode I crack surface opening conditions, such an incipient kink crack directly ahead
of the crack tip, i.e., residing on the crack plane, experiencing maximum energy release rate and such it is the one activated
during crack growth initiation thus confining the macro-crack path to the crack plane as shown schematically in Fig. 1a.
However, under pure relative crack surface sliding conditions, i.e., pure mode II loading conditions (see Fig. 1b), local max-
imum in the energy release rate is experienced by a kink crack at approximately hk � 70:3� clockwise from the crack plane
for a positive KII , where KII is the mode II stress intensity factor (SIF). In the latter case, a crack embedded in a homogeneous
and isotropic medium would kink out-of-plane along the maximum energy release rate kink direction as shown in Fig. 1b.
Interestingly, the kink crack path direction predicted using a maximum energy release rate criterion coincides with a path
that is perpendicular to the maximum principal stress near the crack tip. Regardless of the criterion used, embedded cracks
in homogeneous and isotropic systems would not propagate in their original plane if a mode II component exists. Given the
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Nomenclature

x coordinate along the beam length
xC coordinate of the sharp crack center
y coordinate along the beam height, or analytical deflection along neutral axis of the slender beam in x� y plane
yC coordinate of the sharp crack center
a half of crack length
l crack length
L beam length
l1 length of sub beam, between the left tip of the horizontal crack to the beam fixed end
l3 length of sub beam
h beam height
t beam width
F concentrated force
P load
E elastic modulus
m Poisson’s ratio
G shear modulus
N axial force
V shear force
M bending moment
I cross-sectional second moment of inertia
A cross-sectional area
C contour
J J-integral
C beam compliance
I energy release rate
Ic characteristic energy release rate
t subscript or superscript denoting the quantity for the top beam
b subscript or superscript denoting the quantity for the bottom beam
A subscript denoting the quantity at Section A
B subscript denoting the quantity at Section B
C subscript denoting the quantity at the crack center or at the section passing through the crack center
MM superscript denoting the quantity derived from analytical four beam model
COMP superscript denoting the quantity derived from compliance method
cr superscript denoting the crack related quantity
k transition region length parameter, dimensionless
r stress
e strain
d deflection
D difference
u rotation of beam cross section
# rotation of beam cross section with shear effects
k timoshenko shear constant
h crack orientation
KI mode I stress intensity factor (SIF)
KII mode II stress intensity factor (SIF)
ht distance between the horizontal crack plane and the beam top surface, also known as crack depth
hb distance between the horizontal crack plane and the beam bottom surface
U strain energy
w strain energy density
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findings reported elsewhere [1], one would have difficulties to envision the conditions under which mode II crack such as a
horizontal crack embedded in a cantilever beam under an end force loading, would initiate and grow in plane as modeled in
this study over the lifetime of a component. In all likelihood, cracks developed during the life of a component such as a can-
tilever beam would most likely initiate and grow in the tensile region normal to the bending stress. Thus, one would expect
to see such cracks to be oriented perpendicular to the beam axis, most likely originating from a surface flaw and growing
vertically towards the beam neutral axis thus forming a typical edge mode I crack. It is thus not surprising that many crack
detection studies [8–12] have indeed been conducted for edge cracks under mode I conditions for which empirical solutions
for the stress intensity factor do exist. However, no such rigorous fracture mechanics methods have been used in crack detec-
tion studies involving a horizontal, fully embedded crack, perhaps due to their focus on detecting damage in homogeneous



Fig. 1. Schematics showing the likely crack path for the growth of a sharp crack embedded in a homogeneous isotropic system under (a) mode I and (b)
mode II loading conditions.

X. Fang, P.G. Charalambides / Engineering Fracture Mechanics 169 (2017) 35–53 37
and isotropic systems for which such cracks would be unlikely to form as discussed above, and also possibly due to the com-
plexity of characterizing the mechanics of such a crack.

Driven by the need to design and improve the performance of fiber reinforced and laminate composites wherein fracture
may occur along biomaterial interfaces, numerous studies have been conducted in assessing crack growth under, mode I,
mixed mode and pure mode II conditions [13–17]. Along the same lines, the study of an embedded horizontal crack such
as the case under consideration (see specimen at bottom of Fig. 2) may offer another viable specimen option to study the
fracture between two media, homogeneous or heterogeneous, connected through a ‘‘third” albeit very thin, interface layer.
As has been reported elsewhere, an envelope of material property combinations exists for which a mixed mode or even a
pure mode II crack may be forced to propagate along the interface instead of kinking out of plane thus forming a fully embed-
ded macro-mechanical crack of the type considered in this study. Such cracks are often referred to as delamination cracks
[5,17–19] which signify a major mode of fracture in composite laminates.

In light of the above, this study aiming at establishing near-tip fracture characteristics of horizontal crack embedded in a
cantilever beam under end force conditions, could be used to advance our understanding of mode II interface fracture of sim-
ilar layers bonded at the interface. The same study can also provide the platform on which further studies can be developed
as needed to study delamination in heterogeneous composite laminates while also help advance the state-of-the-art in dam-
age detection model development.

In this work, a J-integral approach [20] is employed in developing estimates of the available elastic energy release rate at
the left and right crack tips. In doing so, the cross sectional force and moment resultants and beam deformations such as the
slope and deflections at critical sections above and below the crack as well as at the beam’s end are used. As discussed in
[2,3], estimates of the above quantities can be obtained with the aid of the four-beam model developed in [2]. For that pur-
pose, critical aspects of the model required in the J-integral evaluation shall be summarized first.

2. Summary of the four-beam model

The four-beam model reported in [2,3] yields the resultant forces and moments Nt ;Vt ;Mt acting at the neutral axis of the
beam above the crack and Nb;Vb;Mb acting at the neutral axis of the beam below the crack as shown in Fig. 3. More
specifically,
Mt ¼ It
I
MC ð1aÞ

Mb ¼ Ib
I
MC ð1bÞ



Fig. 2. Schematics of specimens used (a) through (c) in biomaterial fracture under mode I, mixed mode and pure mode II conditions. Specimen shown in (d)
is the systems analyzed in [1] and in this study and potentially presents yet another mode II test specimen.
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Nt ¼ �Nb ¼ �2MC

h
1� It

I
� Ib

I

� �
ð1cÞ
Vt ¼ cIt
cIt þ Ib

P ð1dÞ
Vb ¼ Ib
cIt þ Ib

P ð1eÞ
where I; It; Ib are the second moments of inertia with respect to the neutral axis of the healthy beam, the top beam (beam
above the crack), and the bottom beam (beam below the crack), respectively; P is the transverse load applied at the free
end;MC is the bending moment acting at the crack center cross section in the ‘‘healthy” beam, i.e., an identical beamwithout
a crack, given by MC ¼ �PðL� xCÞ. The parameter c is a dimensionless quantity related to transition region length k as dis-



Fig. 3. A schematic of the cantilever beam modeled in this study along with the contour profiles used to evaluate the J-integral for the left and right crack
tips shown in (b) and (c) respectively.
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cussed in [2]. The Timoshenko constant for the top beam is denoted as kt and in the bottom beam as kb. For simplicity,
assuming that the transition region length is zero, i.e., k ¼ 0, then the parameter c takes the form,
cðkÞ ¼
2
3 þ 1þm

3kb
hb
a

� �2
2
3 þ 1þm

3kt
ht
a

� �2 ð2Þ
where a is the half crack length; ht and hb are height of the top and bottom beams respectively, with the total beam height
being h ¼ ht þ hb. Again, using the four-beam model developed in [2,3], the rotations at critical cross sections of the cracked
beam are,
ut ¼
PðL� xCÞa

EI
� cPa2

2EðcIt þ IbÞ �
PðL� l1Þl1

EI
� Pl21
2EI

ð3aÞ

ub ¼
PðL� xCÞa

EI
� Pa2

2EðcIt þ IbÞ �
PðL� l1Þl1

EI
� Pl21
2EI

ð3bÞ

uend ¼ � PL2

2EI
ð3cÞ
where ut and ub are the rotation or beam slope of the section through the crack center in the top and bottom beams respec-
tively while uend is the rotation of the section at the free end of the cantilever beam with l1 ¼ xC � a.

Note that when incorporating the Timoshenko shear effects, the above expressions are slightly augmented and take the
form,
#t ¼ ut þ Dut ¼ ut �
Vt

ktAtG
¼ ut �

P
ktAtG

cIt
cIt þ Ib

� �
ð4aÞ
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#b ¼ ub þ Dub ¼ ub �
Vb

kbAbG
¼ ub �

P
kbAbG

Ib
cIt þ Ib

� �
ð4bÞ

#end ¼ uend þ Duend ¼ uend �
P

kAG
ð4cÞ
where k; kt ; kb are the Timoshenko constants as before and A;At ;Ab are the cross-sectional areas for the corresponding beams.
In addition, the deflection at the free end of the cracked beam predicted by the four-beam model is given by,
dend ¼ � PL3

EI
1
3
l̂31 þ

1
2
ð1� l̂1 Þ̂l21 þ

ð̂l1 þ l̂3Þð1þ mÞ
6k

h
L

� �2

þ 1
2
l̂21 þ ð1� l̂1Þ̂l1

� 	
ð1� l̂1Þ

( )

� PL3

EI
ð1� x̂CÞâ2ð2þ 4kþ k2Þ þ Vt

P
I
It
â3

2
3
þ kð2þ kÞ

� 	
þ Vt

P
âð1þ mÞ

3kt
h
L

� �2 h
ht

( )

� PL3

EI
kâð1þ mÞ

6k
h
L

� �2

þ ð1� x̂CÞ2â2ð1þ kÞ̂l3 þ 1
3
l̂33

( )
ð5Þ
In the above equation the cðÞ is used to denote non-dimensional quantities with all length quantities normalized by the
beam length L. In addition, Eq. (5) involves the transition region length kwhich for simplicity in this study it is assumed to be
zero. Under the k ¼ 0 assumption, the beam deflection equation given above takes the form,
dend ¼ � PL3

EI
1
3
l̂31 þ

1
2
ð1� l̂1 Þ̂l21 þ

ð̂l1 þ l̂3Þð1þ mÞ
6k

h
L

� �2

þ 1
2
l̂21 þ ð1� l̂1Þ̂l1

� 	
ð1� l̂1Þ

( )

� PL3

EI
2ð1� x̂CÞâ2 þ 2Vt

3P
I
It
â3 þ Vt

P
âð1þ mÞ

3kt
h
L

� �2 h
ht

þ 2ð1� x̂C Þ̂l3âþ 1
3
l̂33

( )
ð6Þ
where the normalized lengths l̂1 ¼ x̂C � â and l̂3 ¼ 1� ðx̂C þ âÞ, and the other normalized quantities are given in Eqs. (1) and
(2).

With the above four-beam model results summarized, we shall now proceed to evaluate the J-integral for the left and
right crack tips.

2.1. J-integral evaluation

It is well established [20] that for a linear, elastic and isotropic system, the path independent J-integral [20] is equal to the
elastic energy release rate made available to the crack-tip contained within the domain bounded by the J-integral contour C
and the traction free crack surfaces. Given the path independence of the J-integral, convenient contours C for the left Cl, and
right Cr , crack tips are used as shown in Fig. 3. As shown in Fig. 3, each contour initiates at the bottom crack surface relative
to a local system placed at the crack tip, and follows the specimen contour in a counter clockwise direction ending at the top
crack surface. Accordingly, the contour used in evaluated the J-integral for the left crack tip shown in Fig. 3b comprises of the

following segments, Cl ¼ GH;HI; IJ; JK;KL
n o

. Similarly, the contour used to evaluate the J-integral for the right crack tip is

Cr ¼ AB;BC;CD;DE; EF
n o

.

In accordance with [17], the J-integral evaluated along a contour C is given by,
J ¼
Z
C
wdy� Ti

@ui

@x
ds ð7Þ
For a linear elastic system, the strain energy densityw is given byw ¼ 1
2rijeij with rij, eij being the ðijÞth components of the

stress and strain tensors respectively, Ti ¼ rijnj is the ith component of the traction vector along the contour C with nj being
the jth component of the unit vector at the point of interest, ui being the ith component of the displacement vector at the
same point. Also in the above equation, ds denotes an increment along the contour C, x is the local coordinate for a right
handed system placed at the crack tip. Summation over repeated indices from 1 to 2 is implied for planar problems.

Consistent with Fig 3b and c and Eq. (7), the J-integral for the left crack tip evaluated on Cl takes the form
Jl ¼
Z
Cl

wdy� Ti
@ui

@x
ds ¼

Z
GH

dsþ
Z
HI
dsþ

Z
IJ
dsþ

Z
JK
dsþ

Z
KL
ds ð8aÞ
or
Jl ¼ JGH þ JHI þ JIJ þ JJK þ JKL ð8bÞ

Similarly, the J-integral for the right crack is evaluated over five contour segments as follows,
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Jr ¼
Z
Cr

wdy� Ti
@ui

@x
ds ¼

Z
AB
dsþ

Z
BC

dsþ
Z
CD

dsþ
Z
DE

dsþ
Z
EF
ds ð9aÞ
or
Jr ¼ JAB þ JBC þ JCD þ JDE þ JEF ð9bÞ

It can easily be shown, i.e., due to traction free surfaces and dy ¼ 0, that no contribution is made to the J-integral along the

top and bottom horizontal segments HI; JK for the left crack tip, and BC;DE for the right crack tip, i.e., JHI ¼ JJK ¼ JBC ¼ JDE ¼ 0.
As derived in the Appendix, the contribution to the J-integral along the vertical contour segments AB;CD; EF for the right

tip appearing in Eq. (9) are obtained in terms of the resultant forces and moment and beam slope at the reference sections as
follows
JAB ¼ M2
b

2EIb
þ N2

b

2EAb
� #bVb ð10aÞ

JEF ¼ M2
t

2EIt
þ N2

t

2EAt
� #tVt ð10bÞ

JCD ¼ #endP ð10cÞ

Similarly, the contributions to the J-integral from vertical contour segments GH; IJ;KL for the left tip appearing in Eq. (8)

are given by
JKL ¼ M2
b

2EIb
þ N2

b

2EAb
� #bVb ð11aÞ

JGH ¼ M2
t

2EIt
þ N2

t

2EAt
� #tVt ð11bÞ

JIJ ¼ �M2

2EI
� P2

kAG
ð11cÞ
In Eqs. (10) and (11), P is the applied force,M ¼ �PL is the bending moment acting at the fixed end of the beam, # denotes
the Timoshenko angle at the respective cross sections for the top #t , and bottom #b beams respectively; E, G are the modulus
of elasticity and shear modulus respectively, whereas I, A represent the 2nd moment of inertia and cross sectional area
respectively for the beams indicated by their respective superscript and k is the Timoshenko shear constant. As indicated
above, all derivations details for the above equations are presented in the Appendix. With the aid of Eqs. (10) and (11),
the following J-integral expressions are obtained for the left and right crack tips.
Jl ¼ M2
t

2EIt
þ N2

t

2EAt
� #tVt þ M2

b

2EIb
þ N2

b

2EAb
� #bVb � M2

2EI
� P2

kAG
ð12Þ
At the same time, the right crack tip J-integral takes the form
Jr ¼ M2
t

2EIt
þ N2

t

2EAt
� #tVt þ M2

b

2EIb
þ N2

b

2EAb
� #bVb � P2L2

2EI
� P2

kAG
ð13Þ
When comparing the above two equations, one can easily conclude that,
Jr ¼ Jl ¼ P2L2

Eh3 6â2
h3

ðch3
t þ h3

bÞ
2 ðc2h

3
t þ h3

bÞ � 1

8<:
9=;þ P2L2

Eh3

ð1þ 2mÞ
k

h
L

� �2 hthbðch2
t � h2

bÞ
2

ðch3
t þ h3

bÞ
2 ð14Þ
Let the factor Ic ¼ P2L2

Eh3
be used as a characteristic energy release rate quantity in non-dimensionalizing the near-tip

energy release rate. Since for linear elasticity, J ¼ I, as the near tip energy release rate, then the non-dimensional energy
release rate made available to both the left and right crack tips is given by,
ÎMM ¼ 6â2
h3

ðch3
t þ h3

bÞ
2 ðc2h

3
t þ h3

bÞ � 1

8<:
9=;þ ð1þ 2mÞ

k
h
L

� �2 hthbðch2
t � h2

bÞ
2

ðch3
t þ h3

bÞ
2 ð15Þ
predicted with the aid of the J-integral and the four-beam model [18] established using the Mechanics of Materials (MM)
four-beam model. It may be of importance to state that the above non-dimensional expression given by Eq. (15) holds true
under both plane stress and plane strain conditions. The distinction between plane stress and plane strain is made through
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the characteristic energy release rate Ic ¼ P2L2

Eh3
by replacing the elastic modulus E with its plane strain equivalent, i.e.,

E=ð1� m2Þ.
In the next section, the compliance method [21–24] is employed in deriving an independent expression for the near tip

energy release rate for the cracked system under consideration.

2.2. Compliance method

In accordance with the compliance method, under fixed load conditions, the near-tip energy release rate is given by,
ICOMP ¼ 1
t

F2

2
@CðlÞ
@l

 !
ð16Þ
where the total applied force at the end of the beam is F ¼ Pt, with t being the beam width, and P being the line force acting
at the end of the beam across its width. Also in the above expression, CðlÞ is the beam’s compliance relating the deformation
at the end of the beam to the applied force such that, dend ¼ CðlÞP. As discussed earlier in this work, the deflection at the free
end of the beam is obtained with the aid of the four-beam model [2,3] and can be expressed as,
dend ¼ FL3

EI
d̂ ð17Þ
with d̂ being the normalized deflection at the free end given by,
d̂ ¼ � 1
3
l̂31 þ

1
2
ð1� l̂1Þ̂l21 þ

ð̂l1 þ l̂3Þð1þ mÞ
6k

h
L

� �2

þ 1
2
l̂21 þ ð1� l̂1 Þ̂l1

� 	
ð1� l̂1Þ

( )

� 2ð1� x̂CÞâ2 þ 2Vt

3P
I
It
â3 þ Vt

P
âð1þ mÞ

3kt
h
L

� �2 h
ht

þ 2ð1� x̂C Þ̂l3âþ 1
3
l̂33

( )
ð18Þ
Accordingly, the compliance expressed in terms of the crack length is given by
CðlÞ ¼ dend
F

¼ L3

EI
d̂ ð19Þ
and the derivative of the compliance with respect to crack length, i.e., @CðlÞ
@l is
@CðlÞ
@l

¼ L3

EI
@d̂
@â

@â

@ l̂

@ l̂
@l

¼ L2

2EI
@d̂
@â

¼ 6L2

Eth3

@d̂
@â

ð20Þ
with l̂ ¼ 2â ¼ l=L and I ¼ wh3

12 . With the aid of Eqs. (16), (18) and (20), the energy release rate calculated using the compliance
methods takes the form
ICOMP ¼ P2L2

Eh3

@d̂
@â

¼ P2L2

Eh3 ÎCOMP ð21Þ
where ÎCOMP is the normalized energy release rate obtained using the compliance method and is given by
ÎCOMP ¼ 3
@d̂
@â

ð22Þ
ÎCOMP given by Eq. (22) and ÎMM given by Eq. (15) shall now be compared to 2-D FE predictions for a wide range of
parameters.

2.3. Finite element modeling

Broad finite element [25] studies of a cantilever beam containing a fully embedded sharp crack and subjected to end
transverse loading have been carried out as reported in [1,26]. In those studies, cracks of varying length and orientation were
systematically placed at various geometrically admissible locations within the beam. The near-tip energy release rate along
with the mode I and mode II stress intensity factors dominating the crack tip regions were extracted and reported in [1].
Independent verification of the FE results was established by solving the same problem using an in-house program as well
as the commercially available ABAQUS software [27]. For completeness, specifics of the finite element modeling used in
deriving the results reported in this study shall be presented next.

As shown in Figs. 4 and 5, a 2-D rectangular domain of length L and height hwith a horizontal sharp crack of length l ¼ 2a
with its center located at position xC from the left fixed end and at depth ht from the top surface was discretized using 4-
noded isoparametric elements under plane stress conditions. A generalized mesh generator developed in [1,26] was used.



Fig. 5. Two dimensional finite element models used in extracting near-tip energy release rate used in the comparison studies reported in Figs. 6–8 below.
As shown, the fixed conditions were imposed on the left edge of the beamwhereas a downward transverse load P was applied at the top right corner of each
mesh. The models shown represent beams containing horizontal cracks of length 2a ¼ 0:2L at various depths ht=h as described in Fig. 4, with a beam aspect
ratio h=L ¼ 0:1.

Fig. 4. A schematic of the cracked beam model used in conducting the parametric studies reported in this work. Non-dimensional simulations were
conducted using beam length L ¼ 1, load P ¼ 1, elastic modulus E ¼ 1, Poisson’s ratio m ¼ 0:3, aspect ratio h=L ¼ 0:1;0:2;0:05, half crack length
a=L ¼ 0:05;0:1;0:15;0:2;0:25, crack depth ht=h ¼ 0:05;0:1;0:2;0:3;0:4;0:5;0:6;0:7;0:8;0:9;0:95. The 2-D finite element simulations were conducted under
plane stress condition.
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Care was given to the meshing [26,28–30] of the near-tip regions using a converging ‘‘spider web” with a minimum of 16
rings of elements all placed within a small region as needed to capture sufficient details of the near-tip singular fields. A ver-
tical transverse load P was applied at the top right corner of the mesh as shown in Figs. 4 and 5. The finite element simu-
lations were carried out in a non-dimensional environment as discussed in [1,26], where the length of the beam L was taken
to be the characteristic length, its elastic modulus was taken to be the characteristic modulus with a Poisson’s ratio m ¼ 0:3
and the intensity of the applied load P was taken to be the characteristic line force. Fig. 5 shows a typical FE model in which a
crack of length 2a ¼ 0:2L is shown to be placed at xC ¼ 0:5L at depth as measured by the parameter ht=h ¼ 0:5. For this study,
only horizontal cracks were modeled. For each FE model, the near-tip energy release rate was extracted using Park’s [31,32]
stiffness derivative method as well as a numerical implementation of the J-integral. Both methods yielded near-tip energy
release rate results that are in excellent agreement as reported in this study and discussed below.
3. Results and discussion

In this section, the effects of crack depth ht=h, crack length a=L, crack center location (xC ; yC), and beam aspect ratio h=L, on
the near tip energy release rate, are explored through systematics parametric studies. Through these studies, analytical pre-
dictions and 2-D finite element results are compared over a broad range of crack depths ht=h and crack lengths a=L. The ana-
lytical predictions were obtained using the J-integral results given by Eq. (15) and the compliance method given by Eq. (22).
Both of the above models utilize the four-beam model results and assumed identical Timoshenko constants for all local
beams regardless of their aspect ratio, i.e., k ¼ kt ¼ kb ¼ 0:856, while also ignoring the presence of a transition region [2].

The finite element simulations were conducted using the general methodology described earlier in this study. Systematic
parametric studies were conducted in a non-dimensional environment using beam length L = 1, load P = 1, elastic modulus
E = 1, Poisson’s ratio m = 0.3. Multiple models for three beam aspect ratios, i.e., h=L ¼ 0:05;0:1;02 were developed. More
specifically, for each aspect ratio considered, FE models for half crack length a=L ¼ 0:05;0:1;0:15;0:2;0:25 were developed
with the crack located at different depths as measured by the parameter ht=h ¼ 0:05;0:1;0:2;0:3;0:4;0:5 for cracks above or
at the mid-plane of the beam, as well as for cracks located below the mid-plane corresponding to
ht=h ¼ 0:6;0:7; 0:8;0:9;0:95: In all, 165 FE models were developed and used in conducting the parametric studies reported
herein.

For comparison purposes, the reported non-dimensional FE energy release rate values were normalized by the character-
istic energy release rate Ic given below, consistent with the normalization used earlier in this study, i.e.,



Table 1
Numeri
(MM), a
The res
length a
centere

h=L

0.05
0.05
0.05
0.05
0.05
0.05
0.1
0.1
0.1
0.1
0.1
0.1
0.2
0.2
0.2
0.2
0.2
0.2

a % d

b % d
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Ic ¼ P2L2

Eh3 ð23Þ
In carrying out the parametric FE studies, for a fixed h=L beam aspect ratio and a fixed crack location as measured by its
crack center xc=L and crack depth ht=h, FE models were developed with each model containing a horizontal crack at progres-
sively larger crack length. The near-tip energy release rate and associated stress intensity factors for both the left and right
crack tips were then extracted with the aid of the stiffness derivative method [31,32] and the Crack Surface Displacement
(CSD) method [17,15] as reported elsewhere [1,26]. As discussed earlier in this study, the analytical methods used to derive
the near-tip energy release rate showed that the energy release rate made available to the left crack tip is equal to its coun-

terpart made available to the right crack tip, i.e., Iltp ¼ Irtp, where the superscripts ltp and rtp denote the left and right tips
respectively. At the same time, slightly different predictions for the left and right tip energy release rates are obtained for the

same system using a 2-D finite element model. As such, an average finite element estimate IFEavg ¼ ðIFEltp þ IFErtpÞ=2 is
reported for each model in both the tables and figures presented below and used for comparison with the analytical predic-
tions. Thus, the left and right tip average non-dimensional energy release rate finite element predictions obtained for a beam
of aspect ratio h=L ¼ 0:05;0:1 and 0.2 are reported.

3.1. Comparisons between FE estimates and analytical J-integral predictions

Results obtained using the FE models discussed above along with related predictions using the models of J-integral and
Compliance methods are reported in Table 1 and Figs. 6–8. More specifically, and as shown in Table 1, the results for beam
aspect ratio h=L ¼ 0:05;0:1 and 0.2 are reported. For each reported beam aspect ratio, a fixed crack length a=L ¼ 0:15 is used
for which cracks are placed at different depths as measured by the parameter ht=h ¼ 0:05;0:1;0:2;0:3;0:4;0:5. The column
under IFEavg reports the average J-integral FE estimates obtained for the left and right crack tips. The IMM column of results
corresponds to estimates obtained using the analytical J-integral given by Eq. (15) whereas the results under the ICOMP col-
umn represent Compliance method estimates obtained with the aid of Eq. (22). The % difference between the FE and MM
estimates as well as % difference between the MM and COMP method estimates are reported in Table 1. As shown in Table 1,
the MM and COMPmethod predictions are in excellent agreement to within less than 0.8% for slender beams of aspect ration
h=L 6 0:1 and to within 3% of each other for a relatively short beam of aspect ration h=L ¼ 0:2: Greater deviation is shown to
exist between the FE predictions and the MM J-integral estimates. A maximum of about 12% difference is shown to exist for
the case of a short beam, i.e., h=L ¼ 0:2 and ht=h ¼ 0:2: Interestingly, for the same short beam, the % difference between the
FE predictions and the MM J-integral estimates reduces to less than 1% when for a crack placed on the mid-plane of the
beam, i.e., ht=h ¼ 0:5: Smaller % difference between the FE results and the MM J-integral model predictions is found to exist
for more slender beams, i.e., beams with h=L 6 0:1: Based on the results reported in Table 1, one may conclude that the
Mechanics of Materials (MM) J-integral predictions and those obtained using the Compliance (COMP) method are almost
cal results for the non-dimensional energy release rate obtained using 2-D finite elements (FE) with ABAQUS, analytically using J-integral approach
nd the compliance method (COMP). The % difference between the FE and MM results as well as between the COMP and MM predictions are also shown.
ults reported in this table correspond to those shown in Figs. 6–8 and were obtained for cantilever beams with an embedded horizontal crack of half
=L ¼ 0:15 and subjected to an end transverse load as shown in Fig. 4. Results for beam aspect ratio of h=L ¼ 0:0:5;0:1 and 0.2 with a horizontal crack
d at xC ¼ 0:5L reported.

a=L ht=h ÎFEavg ÎMM ÎCOMP % diff. (a) (FEavg-MM) % diff. (b) (COMP-MM)

0.15 0.05 0.0214 0.0227 0.0226 �5.73 �0.20
0.15 0.10 0.0495 0.0504 0.0503 �1.79 �0.19
0.15 0.20 0.1277 0.1256 0.1254 1.67 �0.15
0.15 0.30 0.2329 0.2310 0.2308 0.82 �0.09
0.15 0.40 0.3425 0.3477 0.3476 �1.50 �0.03
0.15 0.50 0.3908 0.4050 0.4050 �3.51 0.00
0.15 0.05 0.0231 0.0234 0.0232 �1.28 �0.78
0.15 0.10 0.0547 0.0520 0.0516 5.19 �0.72
0.15 0.20 0.1429 0.1286 0.1279 11.12 �0.56
0.15 0.30 0.2584 0.2345 0.2337 10.19 �0.34
0.15 0.40 0.3720 0.3495 0.3491 6.44 �0.11
0.15 0.50 0.4220 0.4050 0.4050 4.20 0.00
0.15 0.05 0.0234 0.0264 0.0256 �11.29 �2.76
0.15 0.10 0.0586 0.0581 0.0566 0.98 �2.53
0.15 0.20 0.1586 0.1409 0.1383 12.59 �1.86
0.15 0.30 0.2831 0.2488 0.2463 13.77 �1.03
0.15 0.40 0.3927 0.3565 0.3555 10.15 �0.29
0.15 0.50 0.4376 0.4050 0.4050 8.04 0.00

iffFEavg—MM ¼ ÎFEavg�ÎMM

ÎMM � 100%.

iffCOMP—MM ¼ ÎCOMP�ÎMM

ÎMM � 100%.



Fig. 7. Normalized energy release rate predictions plotted against the normalized crack depth ht=h. The discrete points represent 2-D FE estimates whereas
the solid lines represent analytical estimates obtained using the J-integral method. Different colors were used to represent systems containing a horizontal
crack of different length as indicated. The simulations were conducted under plane stress conditions for a beam of aspect ratio h=L ¼ 0:1 and the crack
located at xC ¼ 0:5L along the beam axis.

Fig. 6. Normalized energy release rate predictions plotted against the normalized crack depth ht=h. The discrete points represent 2-D FE estimates whereas
the solid lines represent analytical estimates obtained using the J-integral method. Different colors were used to represent systems containing a horizontal
crack of different length as indicated. The simulations were conducted under plane stress conditions for a beam of aspect ratio h=L ¼ 0:05 and the crack
located at xC ¼ 0:5L along the beam axis.
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identical. The small differences reported may be attributed to either numerical error or the Timoshenko shear effects that
may be incorporated differentially between the two methods. At the same time, the results predicted by either the J-
integral or the Compliance method suggest that the non-dimensional energy release rate is very weakly dependent on
the beam aspect ratio h=L, at least for the range of values reported. The higher % difference reported for the FE and the
MM J-integral estimates appears to also be related to shear effects. Such effects are expected to be more pronounced in
shorter beams, i.e., beams with higher h=L aspect ratio. In addition, based on the four-beam model employed in evaluating



Fig. 8. Normalized energy release rate predictions plotted against the normalized crack depth ht=h. The discrete points represent 2-D FE estimates whereas
the solid lines represent analytical estimates obtained using the J-integral method. Different colors were used to represent systems containing a horizontal
crack of different length as indicated. The simulations were conducted under plane stress conditions for a beam of aspect ratio h=L ¼ 0:2 and the crack
located at xC ¼ 0:5L along the beam axis.
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the J-integral, the aspect ratio of the beams above and below the crack depends on both the crack length and the crack depth.
For example, for a beam of a global aspect ratio h=L ¼ 0:2, and a crack of half length a ¼ 0:15L, placed at depth ht=h ¼ 0:2
would result in Beam-3 [2] below the crack having a local aspect ratio of 0.533 which is a very short beam with a 1 to 2
height to length ratio. In such beams, accounting for shear effects may be of greater importance than it is in otherwise slen-
der beams. As discussed earlier in this study, in the four-beam model, such effects are partially accounted for though a tran-
sition region which was neglected in this study.

Given the agreement obtained between the two analytical methods, only the J-integral method results are presented in
Figs 6–8 for comparison with the 2-D finite element predictions. As discussed above, J-integral analytical predictions for the
non-dimensional energy release rates are plotted in Fig. 6 along with their finite element counterparts, against the normal-
ized crack depth for a relatively slender beam of h=L ¼ 0:05 aspect ratio. As shown, the analytical predictions are plotted
using solid lines. The same color scheme is used to report finite element and analytical results corresponding to systems with
a crack of the same normalized crack length. For example, a green color is used to represent the finite element results shown
on discrete points and analytical predictions shown in a green line for systems containing a horizontal crack of normalized
half length a=L ¼ 0:05. In the same manner, a red color is used to represent the results for systems containing a crack of
a=L ¼ 0:1, dark blue, light blue and black colors correspond to systems of a=L ¼ 0:15;0:2;0:25 respectively. It is evident
by inspection that the analytical model predictions are in close agreement with their 2-D finite element counterparts over
the entire range of ht=h and a=L parameters used in obtaining the results shown in Fig. 6. Such an agreement reinforces con-
fidence in both the finite element and analytical models and in particular the four-beam model developed in [2,3] which
formed the foundation for the J-integral evaluation and compliance method implementation. The results of each curve at
certain crack depth suggest that for larger cracks, i.e., a=L P 0:15, an excellent agreement is shown between the analytical
and 2-D finite element predictions. This finding is applicable for all crack depths considered. However, with increasing h=L
beam aspect ratio, and for smaller cracks, i.e., a=L 6 0:1, a slight deviation between the analytical and FE model predictions is
observed for cracks located at depths near the neutral axis. Although small, such deviations may be attributed to the ana-
lytical model limitations (assuming transition region length parameter k ¼ 0Þ; in fully capturing the stress and deformation
fields in the near-tip regions as well as in the beams above and below the crack plane which become increasingly stubby
beams for short cracks, i.e., a=L 6 0:1.

By inspection, Fig. 6 shows that the energy release rates made available to the left and right crack tips of a horizontal
crack embedded in a cantilever beam under an end transverse load exhibit a symmetry with respect to the beam neutral
axis. Thus, systems containing such a horizontal crack located at symmetrical distances above and below the beam’s neutral
axis, experience equal amounts of energy release rate at both the left and right crack tips. The results reported in Fig. 6 also
suggest that for any given crack length and a specified xC location, a system with a crack located at the beam’s neutral axis
induces maximum normalized energy release rate to the crack tip regions when compared to similar systems with the crack
located at any other depth. This finding may not be surprising since a mode II crack such as the horizontal cracks considered



Fig. 9. The normalized energy release rate versus the ratio of the half crack length over the beam height a=h. The first four points close to a=h ¼ 0 in each
curve were obtained with the aid of the infinite plate model shown schematically in (e) above, while the other points in each curve were obtained using the
J-integral model. (a) Schematic of the beam model used in the parametric studies. The crack is placed at xC ¼ 0:5L along the beam axis. Figures (b), (c) and
(d) show the graphs obtained for beams of aspect ratio h=L ¼ 0:05;0:1;0:2 respectively.
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in the study [1] is most sensitive to the remote shear stress which assumes a maximum at the beam’s neutral axis. Again, as
shown in Fig. 6, the normalized energy release rate is scaled to the maximum energy release rate value exhibited by each
curve, and is shown to increase substantially with the normalized half crack length a=L, the effects of which are further
explored later on in this section.

Normalized energy release rate predictions similar to those reported in Fig. 6 are also reported in Figs. 7 and 8 for pro-
gressively taller beams, i.e., beams of aspect ratio h=L ¼ 0:1 for Fig. 7 and h=L ¼ 0:2 for Fig. 8. As before, good agreement is
shown to exist between the analytical and 2-D finite element predictions. In addition, Figs. 7 and 8 suggest that the normal-
ized energy release rate obtained for increasing taller beams, i.e., h=L ¼ 0:1 or 0.2 exhibit similar overall trends to those dis-
cussed in association with Fig. 6. More specifically, the normalized energy release rates are shown to be symmetric with
respect to the crack location relative to beam’s neutral axis, exhibiting a maximum for cracks located at the neutral axis.
In addition, the results for all systems reported in Figs. 6–8 suggest that the energy release rate increases monotonically with
crack length. It is also remarkable to observe that for the three types of beam systems considered, i.e., slender beams with
h=L ¼ 0:05, intermediate aspect ratio of h=L ¼ 0:1 and relatively tall beams of h=L ¼ 0:2, the normalized energy release rates
appear to be rather insensitive to the beam aspect ratio with the three system predictions shown to be almost identical for
the corresponding crack lengths.
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3.2. Comparisons to approximate short crack solutions

In Fig. 9, the energy release rate estimates obtained analytically as discussed above are plotted against a=h for beams of
aspect ratio h=L equal to 0.05, 0.1 and 0.2. In all cases reported the crack center was placed at xC ¼ 0:5L. Results for six dif-
ferent ht=h ratios are reported. Along with the above results, in the same figures the approximate short crack estimates are
also reported as needed to further understand the effects of crack length for very small cracks. In doing so, in the case of very
small cracks, i.e., a=h < 0:5, the fracture conditions in the crack tip region can be approximated using an infinite plate model
with a center crack [33,34] of length 2a and subjected to remote normal and shear stresses, rxx and sxy respectively as shown
in Fig. 9. The remotes stress applied to this otherwise ‘‘infinite” plate should be those induced by the flexural bending load-
ing, i.e., the normal stress rxx induced by the bending momentM and the shear stress sxy induced by the transverse the shear
force V at the crack center, i.e.,
rxx ¼ r1
xx ¼ �My

I
ð24aÞ

sxy ¼ s1xy ¼ �VQðyÞ
ItðyÞ ð24bÞ
where M and V are the resultant bending moment and shear force acting on the section, I is the second moment of inertia of
the cross section, y is the distance measured from the beam’s neutral axis, QðyÞ is the first area moment of the cross-sectional
area above or below the position y, and t is the beam width. As discussed elsewhere [1,26], since the horizontal crack
behaves more like a pure mode II crack, the normal stress rxx does not contribute to the near-tip stress intensities while
the shear stress sxy gives rise to a mode II stress intensity factor KII such that,
KII ¼ s1xy
ffiffiffiffiffiffi
pa

p ð25Þ

Under mode II conditions, the energy release rate obtained using the infinite plate short crack approximation is then

obtained as follows,
I ¼ 1
E
K2

II ¼
1
E
ðs1xyÞ2pa ð26Þ
Eqs. (24b) and (26) can then be combined to yield the energy release rate in terms of the applied loading, beam geometry
and crack location. Such short crack energy release rate estimates normalized by the factor Ic were obtained and plotted in
Fig. 9 at the lower a=L range denoted as ‘‘short crack” solutions. As shown, the latter short crack estimates follow trends con-
sistent with the J-integral estimates which further validates the overall approach employed in this study in establishing the
near-tip mechanics of such cracked cantilever beams.

4. Rotary spring stiffness based on J-integral estimates

Rotary springs were introduced in [2,26] in the development of the four-beam model as a means of accounting for the
transition regions and added compliance induced by the presence of the horizontal crack. In [2], the effective rotary spring
stiffness was obtained using compatibility conditions as well as beam model and finite element deflection matching condi-
tions. In this section, an alternative method is proposed that would enable the determination of the rotary spring stiffnesses
using an energy approach.Following the methodology described in the previous section, the change of energy due to the
introduction of the crack can be calculated as,
DUleftða; PÞChange due to crack ¼ �w
R a
l¼�a ðIleftðlÞÞqdl For left beam

DUrightða; PÞChange due to crack ¼ �w
R a
l¼�a ðIrightðlÞÞqdl For right beam

ð27Þ
where the energy release rate Ileft ¼ Jl with J representing the J-integral evaluated along a contour C as shown in Fig. 3a and c
and is given by [20]
J ¼
Z
C
wdy� Ti

@ui

@x
ds ð28Þ
In the above J-integral expression, w denotes the strain energy density at the point of interest, Ti is the ith traction com-
ponent given in terms of the stress tensor ½rij� and the unit normal vector nj such that Ti ¼ rijnj with the indices i, j taking on
the values 1, 2, 3 and the repeated index j implying summation from 1 to 3. Also in the above equation, ui represents the ith
component of the elastic displacement vector. When evaluating the J-integral along the left and right contours, the following
equations are obtained,
Jl ¼ M2
b

2EIb
þ N2

b

2EAb
þucr

b Vb þ M2
t

2EIt
þ N2

t

2EAt
þucr

t Vt �M2
wall

2EI
ð29aÞ
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Jr ¼ M2
b

2EIb
þ N2

b

2EAb
þucr

b Vb þ M2
t

2EIt
þ N2

t

2EAt
þucr

t Vt �uendP ð29bÞ
More expanded forms of the J-integral equations given above are reported earlier in this study. Analytically obtained
results using the above equations are presented in Figs. 7–9 where they are also compared to FE results obtained using both
an in-house FE algorithm and the ABAQUS software [27]. As discussed earlier in this study, the analytical results are shown
to be in remarkable agreement with their FE counterparts for a broad range of cracks lengths and crack depth location.Hav-
ing established the J-integral through Eq. (29), the additional rotations caused by the presence of the crack can be obtained as
follows [33,34]
u ¼ @

@P
ðDUÞ 1

@M
@P

¼ @

@P

Z l

0
JðlÞdl

" #
1
@M
@P

ð30Þ
where M ¼ Mleft or M ¼ Mright for the left and right crack tips. Since the rotary spring stiffnesses are linearly related to the

additional rotation uleft and uright , and their work conjugate cross-sectional moments Mleft ¼ �PðL� ðxC � aÞÞ for the left

tip and Mright ¼ �PðL� ðxC þ aÞÞ for the right crack tip, the respective rotary spring compliances can then be obtained as
follows,
Cleft ¼ @uleft

@P
1

@Mleft

@P

and Cright ¼ @uright

@P
1

@Mright

@P

ð31Þ
In our preliminary studies, the above compliances and reciprocal spring stiffness were determined for several crack loca-
tions and specimen geometries and were then used to establish the modal response of the four-beam model as discussed in
[35,36].

5. Conclusions

In this study, the elastic energy release rate associated with the left and right crack tips of a horizontal crack embedded in
a cantilever beam under an end force loading condition has been established analytically and numerically via the method of
finite elements. Analytical near-tip energy release rate expressions were developed with the aid of the J-integral and inde-
pendently using the compliance method. Both methods resulted in identical energy release rate predictions with the left and
right crack tips experiencing identical levels of energy release rate. In parallel studies, 2-D finite element models were devel-
oped and used to extract the associated energy release rates for a broad range of beam and crack systems. Comparison stud-
ies presented in tables and in figures showed remarkable agreement between the analytical and finite element predictions
for most models considered. Slight deviations were shown to exist between the two model predictions for short cracks dee-
ply embedded close to the beam’s neutral axis. In those cases, an alternative analytical short crack method was considered
with the crack embedded in an otherwise infinite plate remotely loaded by the transverse shear and normal bending stresses
acting at the center of the crack in an otherwise healthy beam. The results show good agreement with the previous J-integral
analytical predictions in the short to long crack length transition region of a=h � 0:5 (see Fig. 9).

For all systems considered, the energy release rate made available to the left and crack tips was shown to be symmetric
with respect to the beam’s neutral axis suggesting that horizontal cracks placed at equal distance above and below from the
beam’s neutral axis experience identical energy release rate values. The reported results also showed that the non-
dimensional energy release rates show little if any sensitivity to the beam’s aspect ratio for the systems considered but
exhibited a non-linear and monotonically increasing trend with the half crack length a=L. The model presented herein along
with studies reported in [2,3] suggest that the systems considered may be used as a viable specimen for mode II interfacial
fracture studies.
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Appendix A. J-integral evaluation

In the cantilever beam with a horizontal crack embedded subjected to an end transverse force load, the schematic of J-
integral at both the left and right tips is shown in Fig. 3. In accordance with Fig. 3b, the J-integral for the left crack tip eval-
uated on the closed contour Cl of G ! H ! I ! J ! K ! L takes the form
Jl ¼ JGH þ JHI þ JIJ þ JJK þ JKL ðA:1Þ

We shall now proceed to the evaluation of each J-integral contribution appearing in Eq. (8). For example,



50 X. Fang, P.G. Charalambides / Engineering Fracture Mechanics 169 (2017) 35–53
JHI ¼
Z
CHI

Wdy� T1
@u1

@x
þ T2

@u2

@x

� �
ds ðA:2Þ
where x� y is the local reference system with origin at the crack tip. Based on the local reference system x� y as shown in
Fig. 3b, it follows that dy ¼ 0, ds ¼ dx, resulting in
JHI ¼
Z xI

xH

� T1
@u1

@x
þ T2

@u2

@x

� �
dx ðA:3Þ
where T1 and T2 are the tractions acting on contour C at the point of interest. As shown in Fig. A.1, the contour segments HI
and JK run along traction free surfaces, i.e., T1 ¼ T2 ¼ 0 on HI and JK. It thus follows that along the latter two segments, no
contribution is made to the J-integral normal to the edges where the stress components apply. By switching the integral limit
and with @u1

@x ¼ 0 since the stress state is pure shear at the top edge,
JHI ¼
Z xH

xI

r12
@u1

@x
dx ðA:4Þ
and apparently,
JJK ¼ 0 ðA:5Þ

Second, at the fixed end in Fig. 3b,
JIJ ¼
Z
CIJ

Wdy� T1
@u1

@x
þ T2

@u2

@x

� �
ds ðA:6Þ
Based on the local reference system x� y, it gives ds ¼ dy, and with the follows
T1 ¼ r11n1 þ r12n2 ¼ �r11 ðA:7aÞ

T2 ¼ r21n1 þ r22n2 ¼ �r21 ðA:7bÞ

W ¼ 1
2
rijeij ¼ 1

2
ðr11e11 þ 2r12e12Þ ðA:7cÞ

e12 ¼ 1
2

@u1

@y
þ @u2

@x

� �
ðA:7dÞ
where u1 and u2 are the displacement components at the fixed end (the segment IJ) in Fig. 3b of the beam in x and y direc-
tions respectively. When deforming, the horizontal displacement component, as shown in Fig. A.1, is
u1 ¼ u0
1 � #y ðA:8Þ
where u0
1 is constant, # is the slope at the fixed end, such as
# ¼ uþ Du ðA:9Þ

where u ¼ 0 at the fixed end, and Du ¼ � V

kAG ¼ � P
kAG. With @u1

@y ¼ �# and @u2
@y ¼ #, Eqs. (A.6) and (A.9) yield,
JIJ ¼ �1
2

Z yI

yj

r11e11dyþ ð�#Þ
Z yI

yj

r12dy ¼ �M2

2EI
� P2

kAG
ðA:10Þ
Fig. A.1. A schematic of the horizontal displacement component when the beam is deformed.
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Next, the focus is moved to the J-integral at the right edges, i.e., the contour segments GH and KL as shown in Fig. 3b. For
the segment GH
JGH ¼
Z
CGH

Wdy� T1
@u1

@x
þ T2

@u2

@x

� �
ds ðA:11Þ
Based on the local reference system x� y, it gives ds ¼ �dy and with the follows
T1 ¼ r11n1 þ r12n2 ¼ r11 ðA:12aÞ

T2 ¼ r21n1 þ r22n2 ¼ r21 ðA:12bÞ

W ¼ 1
2
rijeij ¼ 1

2
ðr11e11 þ 2r12e12Þ ðA:12cÞ

e12 ¼ 1
2

@u1

@y
þ @u2

@x

� �
ðA:12dÞ
Eq. (A.11) yields
JGH ¼
Z yH

yG

1
2
r11e11dyþ

Z yH

yG

r12 �1
2
@ut

1

@y
þ 1
2
@ut

2

@x

� �
dy ðA:13Þ
where ut
1 and ut

2 are the displacement components in the top beam in x and y direction respectively. When deforming, the
horizontal displacement component at the free end of the top beam is similar to the expression in Eq. (A.8), such that
ut
1 ¼ ut0

1 � #ty ðA:14Þ
where ut0
1 is constant, #t is the slope at GH. With @ut1

@y ¼ �#t and @ut2
@y ¼ #t , Eqs. (A.13) and (A.14) give
JGH ¼
Z yH

yG

1
2
r11e11dyþ #t

Z yH

yG

r12dy ¼ M2
t

2EIt
þ N2

t

2EAt
� #tVt ðA:15Þ
For the segment KL in the bottom beam, follow the same procedure, we have
JKL ¼ M2
b

2EIb
þ N2

b

2EAb
� #bVb ðA:16Þ
Substituting Eqs. (A.4), (A.5), (A.10), (A.15) and (A.16) into Eq. (A.1), the J-integral in the left part is given by
Jl ¼ M2
t

2EIt
þ N2

t

2EAt
� #tVt þ M2

b

2EIb
þ N2

b

2EAb
� #bVb � M2

2EI
� P2

kAG
ðA:17Þ
As to the J integral for the right part, the derivation of solution is similar to that for the left part. With the definition of
quantities shown in Fig. 3c, and the closed path Cr of A ! B ! C ! D ! E ! F, it gives
Jr ¼ JAB þ JBC þ JCD þ JDE þ JEF ðA:18Þ

The expressions of each J-integral components in the right part are determined as such
JAB ¼ JKL ðA:19Þ

JEF ¼ JGH ðA:20Þ

JBC ¼ JDE ¼ 0 ðA:21Þ

and the J-integral at the free end (the segment CD as shown in Fig. 3c) is
JCD ¼
Z
CCD

Wdy� T1
@u1

@x
þ T2

@u2

@x

� �
ds ðA:22Þ
Based on the local reference system x� y shown in Fig. 3c, it gives ds ¼ dy. With the follows
T1 ¼ r11n1 þ r12n2 ¼ 0 ðA:23aÞ

T2 ¼ r21n1 þ r22n2 ¼ r21 ðA:23bÞ

W ¼ 1
2
rijeij ¼ 1

2
ðr11e11 þ 2r12e12Þ ðA:23cÞ
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e12 ¼ 1
2

@u1

@y
þ @u2

@x

� �
ðA:23dÞ
Eq. (A.22) yields
JCD ¼ 1
2

Z yD

yC

r12
@u1

@y
� @u2

@x

� �
dy ðA:24Þ
When deforming, the horizontal displacement component at the free end is
u1 ¼ u0
1 � #endy ðA:25Þ
where u0
1 is constant, #end is the slope at the free end. With @u1

@y ¼ �#end and @u2
@x ¼ #end, Eq. (A.24) gives
JCD ¼ �#end

Z yD

yC

r12dy ¼ #endP ðA:26Þ
Substituting Eqs. (A.19)–(A.21) and (A.26) into Eq. (A.18), it gives the resultant J-integral for the right crack tip as
Jr ¼ M2
t

2EIt
þ N2

t

2EAt
� #tVt þ M2

b

2EIb
þ N2

b

2EAb
� #bVb � P2L2

2EI
� P2

kAG
ðA:27Þ
Compare Eqs. (A.17) and (A.27), and note that the resistant bending momentM ¼ PL at the fixed end, and the expressions
for each normal, shear, and bending moment components, such as Nt , Vt , Mt and Nb, Vb, Mb, that have been discussed else-
where, we conclude that
Jr ¼ Jl ¼ P2L2

Eh3 6â2
h3

ðch3
t þ h3

bÞ
2 ðc2h

3
t þ h3

bÞ � 1

8<:
9=;þ P2L2

Eh3

ð1þ 2mÞ
k

h
L

� �2 hthbðch2
t � h2

bÞ
2

ðch3
t þ h3

bÞ
2 ðA:28Þ
where c is shows in Eq. (2), such that
cðkÞ ¼
2
3 þ 1þm

3kb
hb
a

� �2
2
3 þ 1þm

3kt
ht
a

� �2

Eq. (A.28) evidently shows the components of J-integral at each crack tip. The first term is from resultant bending

moments and normal forces, while the second term is associated with shear effects. In Eq. (A.28), the dimensional factor

is P2L2

Eh3
, in units of force per length. The components next to the dimensional factor are dimensionless. Since the energy release

rate equals to J-integral in linear theory, the components
Î ¼ 6â2
h3

ðch3
t þ h3

bÞ
2 ðc2h

3
t þ h3

bÞ � 1

8<:
9=;þ ð1þ 2mÞ

k
h
L

� �2 hthbðch2
t � h2

bÞ
2

ðch3
t þ h3

bÞ
2 ðA:29Þ
will be used as the normalized energy release rate, calculated from the J-integral.
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